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Abstract
In this work we prove a theorem which shows that a Cesa´ro matrix of order α > −1 is a bounded operator on Ak , defined
below by (2); i.e., (C, α) ∈ B (Ak).
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Let
∑
an be an infinite series with partial sums (sn), (C, α) the Cesa´ro matrix of order α. The concept of absolute
summability of order k was introduced and studied by Flett [2]. A series
∑
an is summable |C, α|k , k ≥ 1, α > −1,
if
∞∑
n=1
nk−1
∣∣σαn−1 − σαn ∣∣k <∞, (1)
where σαn denotes the nth term of the (C, α) transform of (sn).
He also proved the following inclusion theorem. If series
∑
an is summable |C, α|k , it is summable |C, β|r for
each r ≥ k ≥ 1, α > −1, β > α + 1/k − 1/r . It then follows that, if one chooses r = k, then a series∑ an which is
|C, α|k summable is also |C, β|k summable for k ≥ 1, β > α > −1.
Let
∑
an be a series with partial sums sn . Define
Ak :=
{
(sn)
∞
n=0 :
∞∑
n=1
nk−1 |an|k <∞; an = sn − sn−1
}
. (2)
A matrix T is said to be a bounded linear operator on Ak , written T ∈ B(Ak), if T : Ak → Ak .
If one sets α = 0 in the inclusion statement involving (C, α) and (C, β), then one obtains the fact that
(C, β) ∈ B(Ak) for each β > 0.
Let T be a sequence-to-sequence transformation transforming the sequence (sn) into (tn). If, whenever (sn)
converges absolutely, (tn) converges absolutely, T is called absolutely conservative. If the absolute convergence of
(sn) implies absolute convergence of (tn) to the same limit, T is called absolutely regular.
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Das [1] defined a matrix T = (tnv) to be absolutely kth-power conservative for k ≥ 1, if T ∈ B(Ak); i.e., if (sn) is
a sequence satisfying
∞∑
n=1
nk−1 |sn − sn−1|k <∞,
then
∞∑
n=1
nk−1 |tn − tn−1|k <∞,
where
tn =
∞∑
v=0
tnvsv.
He also showed that every conservative Hausdorff matrix H ∈ B(Ak). We know that if β ≥ 0, then (C, β) is
regular and if β < 0, then (C, β) is neither conservative nor regular.
In this work we extend the result of Flett to the case β > −1, thus demonstrating that being a conservative matrix
is not a necessary condition for a matrix to belong to B(Ak).
Theorem 1. (C, α) ∈ B(Ak) for each α > −1.
Proof. Let σαn denote the nth term of the Cesa´ro mean of order α of a sequence (sn); i.e.,
σαn =
1
Eαn
n∑
v=0
Eα−1n−v sv.
We shall show that
(
σαn
) ∈ Ak ; i.e.,
∞∑
n=1
nk−1
∣∣σαn − σαn−1∣∣k <∞. (3)
Let ταn denote the nth term of the Cesa´ro mean of order α (α > −1) of the sequence (nan); i.e.,
ταn =
1
Eαn
n∑
v=1
Eα−1n−v vav.
Since ταn = n(σαn − σαn−1) (see [3]), condition (3) can also be written as
∞∑
n=1
1
n
∣∣ταn ∣∣k <∞. (4)
Applying Ho¨lder’s inequality, we have
∞∑
n=1
1
n
∣∣ταn ∣∣k = ∞∑
n=1
1
n
∣∣∣∣∣ 1Eαn
n∑
v=1
Eα−1n−v vav
∣∣∣∣∣
k
≤
∞∑
n=1
1
n(Eαn )k
n∑
v=1
Eα−1n−v vk |av|k ×
{
n∑
v=1
Eα−1n−v
}k−1
.
Since
n∑
v=1
Eα−1n−v = Eα−1n + Eα−1n−1 + · · · + Eα−10 = Eαn ,
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we obtain
∞∑
n=1
1
n
∣∣ταn ∣∣k ≤ ∞∑
n=1
1
nEαn
n∑
v=1
Eα−1n−v vk |av|k
=
∞∑
v=1
vk |av|k
∞∑
n=v
Eα−1n−v
nEαn
.
For α > −1, n ≥ 1 since
1
nEαn
=
∫ 1
0
(1− x)αxn−1dx
and
(1− x)−α =
∞∑
n=0
Eα−1n xn,
we obtain
∞∑
n=v
Eα−1n−v
nEαn
=
∞∑
r=0
Eα−1r
(v + r)Eαv+r
=
∞∑
r=0
Eα−1r
∫ 1
0
(1− x)αxv+r−1dx
=
∫ 1
0
(1− x)αxv−1
( ∞∑
r=0
Eα−1r xr
)
dx
=
∫ 1
0
xv−1dx
= 1
v
.
Then
∞∑
n=1
1
n
∣∣ταn ∣∣k = O(1) ∞∑
v=1
vk |av|k 1
v
= O(1)
∞∑
v=1
vk−1 |av|k = O(1),
since sn ∈ Ak . 
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